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PREFACE.

THE diversity in the adopted values of the elements and
constants of astronomy is productive of inconvenience to all
who are engaged in investigations based upon these quanti-
ties, and injurious to the precision and symmetry of much of
our astronomical work. If any cases exist in which uniform
and consistent values of all these quantities are embodied in
an extended series of astronomical results, whether in the
form of ephemerides or results of observations, they are the
exception rather than the rule. The longer this- diversity
continues the greater the difficulties which astronomers of
the future will meet in utilizing the work of our time.

On taking charge of the work of preparing the American
Ephemeris in 1877 the writer was so strongly impressed with
the inconvenience arising from this source that he deemed it
advisable to devote all the force which he could spare to the
work of deriving improved values of the fundamental elements
and embodying them in new tables of the celestial motions.
It was expected that the work could all be done in ten years.
But a number of circumstances, not necessary to describe at
present, prevented the fulfillment of this hope. Only now is
the work complete so far as regards the fundamental constants
and the clements of the planets from Mercury to Jupiter inclu-
sive. The construction of tables of the four inner planets is
now in progress, those of Jupiter and Saturn having already
been completed by Mr. HiLL. All these tables will be pub-
lished as soon as possible, and the investigations on which
they are based are intended, so far as it is practicable to con-
dense them, to appear in subsequent volumes of the Astro-
nomical Papers of the American Ephemeris. As it will take
several years to bring out these volumes, it has becn deemed
advisable to publisl in advance the present brief summary of

the work.
1



v PREFACE.

The auihor feels that critical examination of this monograph
may show in many points a want of consistency and conti-
nuity. - The ground covered is so extensive, the material so
diverse as well as volnminous, and the relations to be investi-
gated so numerous, that no conclusion could be reached on
one point which was not liable to be modified by subsequent
decisions upon other points, The author trusts that the difti-
cultics growing out of these features of the work, as well as
those incident to the administration of an oftfice not especially
organized for the work, will afford a sufficient apology for any
defects that may be noticed.

NAUTICAL ALMANAC OFFICE,

U. 8. Naval Observatory, January 7, 1895.
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ELEMENTS AND CONSTANTS.

CHAPTER 1.

GENERAL OUTLINE OF THE WORK OF COMPARING THE
OBSERVATIONS WITH THEORY.

1. In logical order, the first step in the work consists in the
reduction of observed positions of the Sun and planets to a.
uniformn equinox and system of declinations. -

The adopted standard of Right Ascensions was that origi-
nally worked out in my paper on the Right Ascensions of the
fundamental stars, found in an appendix to the Washington
Observations for 1870, and extended to a fundamental system
of time stars in the catalogue published in Vol. 1 of the Astro-
nomical Papers of the American Ephemeris, This system
cocicides closely withe that of the Astronomische Gesellschaft
and the Berliner Jahrbuch, about the epoch 1870, but the cen-
tennial proper motion is greater by about 0°.08,

In Declinations, the adopted standard was that of Boss,
which has been nsed in the American Ephemeris since 1881,
and on which is based the catalogue of zodiacal stars just
referred to. But as Declinations generally are not immediately
referred to fundamental stars, the method of reducing obser-
vations to this system in Declination was not entirely uniform,

Observations used,

2. The following is a general statement of the observations
used, and the extent to which t. 2y were correeted, or re-re-
duced. .

Greenwich.—Dr. AUWERS courteously supplied me with the
results of his re-reduction of BRADLEY'S observations both of
the Sun and planets. From the beginning of MASKYLENE'S
work until 1835, the Greenwich observations were completely
re-reduced, utilizing, 8o far as possible, AIRY’S reductions. The

5690 N ALM——1 1.



2 GENERAL OUTLINE. |2

data necessary for these observations were discussed in Prof.
SAFFORD'S paper, Vol. 11, pt. 11, which paper was prepared
for this purpose. In the case of the Greenwich observations
from 1835 onward, it was deemed sufficient to apply constant
corrections to the Right Ascensions, determined from time to
time by comparisons of the adopted Right Ascensions with
the standard ones. In the case of the Declinations, Boss’s
special tables were used, but in the later years it was judged
sufficient to apply the constant correction necessary for redue-
tion to Boss’s standard.,

Palermo.—P1AzZ1’S observations of the Sun and Planets ware
completely re-reduced, the zero point of his instrument being
determined from the observed Declinations.

Paris.—LEVERRIER’S reduction of the Paris observations
from 1801 onward was made use of, applying the eorrection
necessary to reduce the results to the adopted standard.

Koinigsberg.—BESSEL’S clock corrections were individually
corrected by the new positions of the fundamental stars, so
that practically the Right Ascensions may be considered as
completely re-reduced.

In the case of the other observatories, it was deemed suffi-
cient to determine, by a comparison of the adopted or of the
concluded Right Ascensious and Declinations of the funda-
mental stars with the standard catalogue, what common cor-
rections were necessary for reduction to the standard. When,
however, the period was covered by Boss's tables, the corree-
tion which he gives as varying with the Declination was ap-
plied. After more mature consideration, I am inclined to think
it would have been better to apply a constant correetion to the
Declinations in every case, except those where the change
with the Declination was quite large.

Although these processes were somewhat heterogeneous, it
is believed that the main object of referring the Declinations
to a system of which the error would be a uniformly varying
quantity was fairly well attained. The subsequent determi.
nation of this error both in Right Ascension and Declination
i8 a necessary part of the work.



3] OBSERVATIONS USED. 3

The following is a list of the observatories whose cbserva-
tions of the Sun and Planets were included in the work:

Greenwich - e e e mceeamce—a— e am—a 1750~1892
Palermo o oo e et e mmmmmmmem—mam—————e————— 1791-1813
PariS - e e e emmeaeem——e—ae———a———n- 1801-1889
Konigsberg e acceec e cmccceene 1814-1845
DOrpat .o cc e iccaame e cemmeemcmme————— 18231838
Cambridge - ... . e acceicceccamancmeem———ae 1828-1844
Berlin . o o e e cecmacm—————- 1838-1842
Oxford, Radcliffe .. oe e cccrccciccccccacacnaaom- 1840-1887
Pulkowa. .o e oo cc e e 1842-1875
Washington o .. e cccemicceaeaaa 1846-1891
Jieiden __ e e mcac e ceecmicecceecccasc————— 1863-1871
Strassburg . i eiccemcccsa————— 1884-1887
Cape of Good Hope. o ocoeor cmuiiiiccaceccmmm s 1884~-1890

The number of the meridian observations of the Sun, and
of the planets Mercury, Venus, and Mars, actually inclnded in
the work is approximately as follows:

The SUN . e e o e e e e cccccccaccnacecmmne————— 40, 176
Mercury . .o ccmccmceccmcceeama———- 5,421
Venus .o i cecccmccmccecmmcaccmeem——————- 12,219
M e e e temmemcmaceecceeceeme——————— 4 114

Total L e 62,030

Semidiameters of Mercury and Venus.

3. The reduction of the semidiameter of the planets was a
point to which special attention was given. In the case of
Mercury, the adopted semidiameter at distance unity was 3//.34.
The values adopted by the various observatories in reducing
their observations varied so little from this that in cases where
the original reductions were accepted no correction was applied
for the difference. So, also, when the observers applied a cor-
rection for reducing the observed center of light to the actual
center of the planet, no ravision of this reduction was made.
Such was supposed to be the case with the Paris observations.
When the published Right Ascension was that of the center
of light simply, a reduction to the true center was computed
by the empirical formula used in the Washington observations.
It we put i for the angle between the Earth and Sun as seen
from the planet, then 1 4 cos i will represent the fraction of
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the apparent transverse diameter of the planet that is illu.--
minated by the Sun. It was assumed that when the illumina-
tion was such that the thickness of the crescent approached
zero, the point observed would be two-thirds of the way from
the center of the planet to the limb, and that when the planet
was dichotomized the center of observation would be five-
twelfths of the way from the center to the limb. These con-
ditions, with the added one that when the plinet was fully
illnminated the correction should vanish, suggested the em-
ployment of the formula
(1—eos i) (54cos 1)
12

This correction was to be multiplied by the sine or cosine of
the angle which the line of cusps made with the meridian to
reduce it to Right Ascension and Declination respectively.

The correction being practically the same whenever the
Earth and planet return to the same positions in anomaly, it
is possible to embody it in a table of two arguments, one
depending on the longitude of the Earth, the other on that of
the planet. Actually, however, the table was arranged in a
more convenient form, in which one argument is the date at
which Mercury last passed perihelion, and the other, its mean
anomaly. Owing tothe importance which this correction may
assume, a partial transeript of the table actually employed for
the reduction in Right Ascension is given on the next page.
Read horizontally, the numbers show the corrections of the
argument through one revolution of the planet. Vertically,
they may be regarded as giving the successive corrections corre-
sponding to any one position of the planet, while the Earth
goes through a complete revolution. The table as actually
used extended to every 109, but the values for every 60° of
mean anomaly will suffice to show the general magnitude of
the correction.

The correction to the Declination was embodied in a similar
table, which it is not deemed necessary to print at present.

In the case of Venus, it seems scareely possible to decide
upon a value of the semidiameter, or a law of its apparent
change, which should apply to all parts of the orbit. After a

Correction = semidiameter x




3 SEMIDIAMETERS OF MERCURY AND VENUS, 5

careful examination of the data, it was decided to reduce all
the observations with the semidiameter

8.75 -

A +0.20

when made with modern instrum-nts, and to use a value 0.3
greater in earlier observations. The actual reduetions of all

Correction for defective illumination of Mercury in R. A.
Arguments: Date of perihelion passage at side, and mean

anomaly “g” at top.

1 | |
= o° 60° 120° t 180° l 240° | 300° 360°
| | |7
| s s | 5 g s s s

Jan. o.. +.19, — 16| — 07| —.03| —.01I .00 4.03
10 .. .16 | — 18| —.09} —.04 | —.0OI . 00 .02

20 .. 14| —.21| — 11| —. 05| —.02 . 00 .02

30.. .12| —.19| —.13| —.06| —.03 .00 +.o1

Feb. o9._. .10 —. 17| —. 15| —.08| —.04 | —.OI . 00
19 _. .08 | .. ... —.18| —. 10| —.05 | —.o01 .00

Mar. 1.__ .06 4.16 | —.21 — 12| —,06| —.02 . 00
| § . 05 16| —. 24| — 15| —. 08| —.03 . 00

21 .. . 04 A5 | — 26| -—. 18| —. 10| —. 04 00

3., .03 o Lt N R —.20| —., 12| —.06 —. 01

Apr. 10_. .02 12| 4,23 —.22 | -—-. 15| —. 0% —. 01
20 __ .02 . 10 v 20 | ____._. —. 18| —. 09 —.0I

30..] -.o1 .08 A8 | 424 | —.21 | —. 11 —. 02

May 10._ . 00 .06 . 1§ 22| — 17| —.13 —. 03
20 _. .00 . 0§ .12 .20 —. 12| —. 16 —. 04

* 30.. . 00 .04 . 10 TR170 | — —. 18 —. 0§
June o._. .00 .03 .09 14| +4.18| —.20 —. 06
19 .. .00 .02 .07 .12 16| —.20 —. 07

29..| —.ol .01 . 0§ .09 15| —. 20 -—.09

July 9..| —.o1 .0l .04 .07 e I3 facmmeaa —. 11
19_.| —.o1| 4.01 . 03 oS 11 4,16 —. 12

29_..| —.02 . 00 .02 04 .09 .16 —. 14

Aug. B8_..| —.03| .00 .ol .03 .07 16 —. 16
18..| —.o4 [ . 00 .ol 03 .06 14 —. 18

28..] —.0§ | oo | —.o01 02 .05 I3 e e

Sept. 7.., —.06 5 00 00 .02 . 04 | § O D
17 ..| —.07 | -—.0I oo | -}-.o01 .02 B o To T P

27..] —.o9| —. o1 . 00 . 00 .02 .07 +4-. 20

Oct. 7-.] —.11| —. 02 00 .00 | .01 .05 .18
17..} —. 12| —.,02 .00 .00 . 00 . 04 16

27 .. — 14| —. 03| —.o01I . 00 . 00 .03 o 51

Nov. 6..{ — 16| —o04| —. 01 . 00 .00 .02 .11
16..| — 18| —o06| —. o1 . 00 .00 ! +-.01 .09

26| _____. —. 08| —.02 . 00 . 00 .00 .07

Dec. 6..1.._.____ —.10| —, 03| --.01 .00 . 00 .06
(SO —.12| —,0§| —.01 | —. 01 . 00 . 0§

26_.{ +.20| —1§| — 06| —. 02| —. 01 .00 .04

Jan. 5..{ +.18| —.17| —.08| —. 03| —.01 .00 +.03




6 GENERAL OUTLINE. [4

the principal series of observations were corrected to this value
of the clement in question,

Observagions of the estimated center of Venus, when made
more than one hundred days from superior conjunction, were
rejected altogether; wlien made within that limit, the peint
observed was assumed to be the center of gravity of the illu-
minated portion of the disk, considered as a plane figure, and
the necessary reduction to the center was always applied.

A similar correction was applied to observations of the esti-
mated center of Mars. The Paris results, after 1830, and the
later Greenwich and Washington results, are published with
the reduction for center of light already applied, and in these
eascs the published corrections were not changed.

Tabular places.

4. The tabular elements ot the planets adopted for correc-
tion were those of LEVERRIER’S tables. These tables having
been continnously used in Astronomical Ephemerides since
* 1864, it was judged more convenient to adopt the theory on
which they were based as the provisional one to be corrected
thanit was to construct a new provisional theory. As the tables
in their original form are extremely cumbrous to use, the
theory was partially reconstructed by making manuscript
tables of the principal perturbations, which were, however,
carried only to tenths of seconds. With these tables the
places of the planets were computed for dates previous to 1864,

As places of the Sun were necessary not only for direct com-
parison with observations of the Sun, but also for the geocen-
tric places of the planets, an ephemeris of the Su.s's longitude
and radius vector was prepared for the entire period 1750-1864
to every fifth day, the lunar perturbation being omitted and
afterward applied for each date when required.

The method of deriving the final tabular places varied with
circumstanees. When there was no aceurate ephemeris avail-
able for comparison, which was the case before 1830, it was
necessary to compute a completely independent set of tabular
geocentric places. Sometimes these places were computed for
the moment of the individual observations, but more generally,
when the observations occurred in groups, an ephemeris was



4] TABULAR PLAOCES. 7

computed in order that the work might be checked by diffor-
ences. After 1830 it was common to compute an ephemeris
for intervals of three, five, or ten days, thus deriving the cor-
rections necessary to reduce the published ephemerides of the
Berliner Jahrbuch or of the Nautical Almanac to those derived
from LEVERRIER’S tables.

Until this plan was mapped out, and work well in progress
upou it, it was not noticed that the planetary masses adopted in
LEVERRIER'S tables were so diverse that corrections to reduce
the geocentric places to a uniform system of masses would be
necessary. Althongh theoretically the necessary reductions
were very simple, I can not but feel that the application of
such corrections involves more or less doubt and uncertainty,
and that it wonld have been better to have constructed pro-
visional tables based on uniform masses qnite mdependeut of
those of LEVERRIER.

In Annales de UObservatotre de Paris, Vol. 11, LEVERRIER
gives the following values of the masses used by him as the
basis of his provisional theory:

1
Mercury .. - 5000000 = 000000333 . .
. 1 -
Venus...... 01847 = 000 002 4885
1
Earth ...... m =.000 002 8174
M | 1 .000 000 373 087
ars . ...... 5630377 680 3 35 = 0 (

The following table shows the factors by which these masses
were multiplied in the cases of the several planets in LEVER-
RIER’s final tables. They were controlled by induction from
the numbers of the tables themselves, the result of which was
found in all cases to agree with the statementsin the introduc-
tion to the tables.

In the last line of the table is shown the factor used in the
present provisional theory.
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|
Mercury, | Venus, Earth. Mars.
In tables of—

The Sun .o oaeee s 1 1,004 |iccecueo-. o. 895
Mercury - e 1 ) S P -
Venus . . ... | S P 1 1
Mars o imee cmea|cemm - 0.975 1,0026 | ____.....
Present work . ____oaoa... 1 1 1 0. 8657

As in the aetual work the masses of Mercury and Venus
were to be determined from the observed periodic perturba-
tions which they produced, it was necessary that the perturba-
tions produeced by them should all be carefully reduced to the
adopted standard. The reduction was less necessary in the
case of Mars, but was carried through all the work relating to
the Sun.

Comparison of observations and tables.

b. The result of each separate observation of each body was
eompared with the tabular result thus derived. The residuals
were then taken and divided into groups. The interval
between. the extreme dates of each group was always taken
so short that it could be presumed that the inean of all the
residuals would be the correction for the mean of all the dates.
The general rule was that the interval should not exceed four
or five days in the case of Mercury, or six or eight days in
that of*Venus, and that not more than six or eight observa-
tions should be included in a single group. In taking these
means, weights were assigned to the results of each observa-
tory founded on the discordance of its residuals. Then to each
mean a weight was again assigned equal to the sum of the
weights of the individual residuals when ihese were few in
number, but not allowed to exceed a certain limit, how great
soever might be the sum of the individual weights.

Equations of condition.
6. Each meap result thus derived formed the absolute term

of an equation of condition for eorrecting the tabular elements.
The number of these equations was as follows:

Equations,
The Sun _ o oome oo . e e e e e e — i e———— 11,676
M erCuUry e —me e e—————e 3,929
Venus L et —m——e e 4,849
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In forming the equations of condition from observations of
the planets, I adopted the system suggested in the introduc-
tion to Vol. 1 of these publications, namely, the determination
of the solar elements not only from observations of the Sun
itself, but from observations of each of the planets. The reasen
for this course is quite simple and obvious. An observation of
the position of a planet as seen from the Earth is the exact
equivalent of an observation of the Earth as seen from a
planet, and thus depends equally upon the elemeunts of both
orbits. Hence, whatever elements of the Earth’s orbit could
be determined by observations made from a planet can equally
be determined by observations made upon the planet. A
strong reason for proceeding upon this plan was found in the
very large errors, both accidental and systematic, to which
observations of the Sun are liable.

The advantages, however, have not proved relatively so
great as were anticipated. The ececentricity and perihelion of
the. Earth’s orbit come out in the solution of the normal equa-
tions as functions of those of the planetary orbit to so great an
extent that their weight is much less than that which would
correspond to independent determinations from the same num-
ber of observations. ' On the other hand, the determination
of these elements from observations of the Sun proved to be
‘much more consistent than was expected, thus indicating a
high degree of precision. '

The case is different with the Sun’s mean longitude referred
to the Stars. Here systematic and personal errors enter so
largely that the results from Mercury and Venus appear to be
rather more reliable than those from the Sun itself. In the
case of these planets it fortunately happens that the weight of
the result derived for the Sun’s mean longitude is not mate-
rially diminished by the uncertainty of the corresponding
element of the planet, the errors of the two mean longitudes
beiug nearly separated in a series of observations equally dis-
. tributed around the orbit.

The systematic errors in observations of the Sun rendered
it unadvisable to determine the elements of the Earth’s orbit
from observations of the Sun by a single system of eqnations.
The solar observations, therefore, were classified according to
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the observatory where made, and divided into periods rarely
exceeding cight years in length. The elements are separately
derived from the observations of each period. This system has
the advantage of eliminating to a large extent the injurious
effect of systematic and personal error upon the eccentricity
and perihelion of the Eartlh’s orbit, and also enabling us to
Judge of the precision of the corrections to those elements by
the discordance among sepnrate results.

Meridinn observations of the Sun and Planets are referred
to the fundamental stars, while the Right Ascensions of the
latter are referred to the cquinox, the position of which has
herctofore depended on observacions of the Sun. The adopted
position of the fundmnental stars therefore comes in, to a cer-
tain extent, as the basis of the work, and the constant parts
of their systematic corrections are among the results to be
derived.

Thus, in the case of the equations pertaining to the three
planets, the following corrections were introduced as unknown
quantities:

Correction of the mass of Mercury or of Venus.

Corrections to the elements of the orbit of the planet
observed.

Correction of the obliquity of the ecliptic.

Corrections to the Sun’s mean longitude, cceentricity, and
lougitude of perihelion.

Common corrections to the adopted Right Ascensions and
Declinations of the fundamental stars.

In the case of Mercury an adopted hypothetical correction
of the ratio of the radius veetor of the planet to that of the
Earth was also included in the equations, although little doubt
could be felt that the true value of such a quantity must be
zero. The reason for introdneing it will be explained here-
after.

Determinations of the masses and secular variations.

7. The secular variation of all the preceding elements, the
mean distances excepted, was also introduced into the equa-
tions from observations of the planets. In addition to the
above elements, the mass of Venus appeared in the equations
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derived from observatious of the Sun, Mercury, and Mars, and
the mass of Mercury in the equations derived from obser-
vations of Venus. The coeflicients of the musses, however,
depended wholly upon the periodic perturbations,

Were it uite certain that the seeular varintions arise
wholly fromn the masses of the known planets, the masses
could of comrse be derived from these variations, and the lat-
ter would appear in the equations of condition guly through
the mass itself. On this hypothesis the secular variations
would not appear in the equations, but only the masses, But
it is well known that the perihelion of Mercury is subject to a
seeular variation which can not be accounted for by any ad-
missible masses of the known disturbing planets. The same
thing may well be true ot the secular variations of the other
elements, It is therefore necessary, in the abscenee ot a known
cause for such deviations, to devive the masses of the planets
independently of the secular variations. In the case of Mars
the mass is obtained with all nceessary precision from the sat-
ellites, It is, however, different in the ease of Mercury and
Venus. Here no resouree is left us but to determine them
fromn the periodic inequalities. As the inequality produced by
Venus in the Earth’s longitude is rarely more than eight see-
onds, it might seem that the coetlicient would be too small to
obtain a sufficiently preeise value of the mass. But in the
ease of observations upon the Sun, Mercury, and Mars the
error of the determination of the mass in question may be
almost indefinitely redueed by multiplication and extension
of the observations without danger of systematic error.,

To illustrate this, let us suppose the Sun’s longitude to be
determined with a meridian instrument only once a year, say
at equal intervals of three hundred and sixty-five days. Let
the longitudes thus observed be eompared with an ephemeris
in whieh the elements are affected with only slight errors.
Leaving out of eonsideration the periodic perturbations pro-
duced by the planets, the comparison of the observed longi-
tndes with the tabular ones through an entire century should
be uearl7 “constant. Any error affecting all the longitudes
alike would appear as a constant. The errors of mean motion
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would vary uniformly with the time. Thus the other elements
would be nearly constunt, and could be still more approxi-
mately represented by a slight appuarent secular varintion,

Now let the disturbing nction of u planet, say Venus, be in-
troduced. We should then have u scries of deviations from the
law of uniform increase, which would enable us to evaluate
the mass of the planet., The value of this mass thus derived
would not be affected by any systematie error common to all.
the observiations, nor even by such an error whieh varied uni-
formly with the time. Nor would small errors in the adopted
elements of the Sun have any efteet upon the result,

It this would be the ease for observations made: only at a
certain point of the orbit, a fortiori wonld it be the case for
the observations made at various points of the orbit, since any
tendeney to a systematic effect of the crrors of observation
would thereby be ultimately eliminated.

Considerations almost identical apply to the case of observ:-
tions upon cither of the planets when we cousider the action
of the other planet upon the planet observed and upon the
earth. But they do not apply to the case of the action of the
eazth itself upon the observed planet, or vice versa. For ex-
ample, in the ease of observations of Venus, we may suppose
that all observations made when Venus is at a certain point
of its relative orbit, near inferior conjunction, say one month
before inferior conjunetion, are affected with a eertain error
eommon to all observations made at that point of the orbit.
Sinee the perturbations produced by the third planet will in
the long run have all values, positive and negative, for these
several observations, the systematic error in question will not
aftect the ultimate value of its mass. But the perturbations
of Venus produced by the Earth, as well as those of the Earth
produeed by Venus, will not have all values in such a ease, but
only special ones dependent on the reiative position. Hence,
determinations of these masses might be affected by errors of
the kind in question. We conclude, therefore, that the mass
of the Earth can not be satisfactorily determined by the peri-
odic perturbations which it produces in the motion of any
planet, nor that of Venus by observations on Venus through
its periodie perturbations of the Earth.
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In the solution of the equations of condition the method of
least squares hus been used throughout, the nrrangement of
the work, the choice of quantities to be corrected, nund the
nceurney of the coeflicients being 8o ehosen ns to minimize the
great mechanieal labor of making the necessary multiplica-
tions. The adoption ot this method was necessary in order to
separate, 8o far as pessible, the varions nnknown quantitics
and show to what extent their values were interdependent.
By no other methed of combination could so large a number
of unknown quantities have been separately determined in o
way which wounld have been at all satistactory, On the ether
hand, in combining the final results and deeiding npon the
values of the corrections to be adopted, the method has not
always been applied, for reasons which will be developed in
Chapter IV, .

Introduction of results of observations on transits of Venus and
Mercury,

8. In the case of Mercury and Venus the observed transits
over the Sun give relations between the corrections to the
clements more accurate than those ordinarily derivable trom
meridian observations. This is especially the case with Venns.
The value of these observations is greatly increased by the
faet that they are made when the planet is near inferior con-
junetion, and theretore nearest to the Llarth, and in a point of
the relative orbit where meridian observations are necessarily
most uncertain. In the case of Venus the error of the helio-
centric place will be more than doubled in the ease of the geo-
centric place during o transit. As, hewever, the ebservation
of a transit gives no one element, but ouly an equatien of con-
dition between the values ot all the elements at the epoch, the
only way of treating it is to intreduee the vesult as such an
equation, with its appropriate weight. The deterinination of
the proper weight is a difficult matter., The systematic errors
of meridian observations are sueh that the theoretical value
of the weights assignable to so great a mass as we have dis-
eussed would be entirely illusory. In fact so great is the
weight assignable to the observed transits eof Venus that if
we should regard the results of each transit as a condition to
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be abso]utcljf satisfied we should not be dangerously in error.
T conclude, therefore, that there is more danger of assigning
too small than too great a weight to these observations.

In order to determine what change was produced in the re-
sults by the use of the observed transits over the sun’s disk,
two separate solutions of the equations of eondition for Mer-
cury and Venas were made. In the one, termed solution A,
the meridian observations alone were used; in the other,
termed solution B, the combined equations formed by adding
the normal equations derived from the transits to those given
by the meridian observations were used.

In the case of solution A it was originally supposed that by
using the mean epoch of all the observing in the ease of each
planet as that from which the time was to be reckoned, the
normal equations for the secular variations would be almost
completely separated from those for the correciions to the
elements themselves. The separation would be complete were
the observations at different epochs similarly distributed
around the orbit. But, as a matter of, fact, it was found that
the accidental deviations from this symmetry were so consider-
able that the separation counld not be regarded as ecomplete.
The solution was therefore made by suceessive approximations,
the terms depending on the secnlar variations being in the
first approximation dropped from the normal equations for the
corrections to the elements, and afterwards included “when
approximately determined, and vice versa.

In the case of solution B, in which the transits were included,
such a separation did not occur, and the equations were solved
in the usnal rigorous way for all the uuknown quantities.



CHAPTER II.

DISCUSSION AND RESULTS OF OBSERVATIONS OF THE
SUN. )

Treatment of the Right Ascensions.

9. The meridian observations of the Sun have been treated
on a system ditferent in some points from that adopted in the
case of the planets. It was possible to simplify the treatment
by supposing that the small latitude of the Sun was always a
definitely known quantity, so that when the observations were
corrected for it the apparent motion of the Sun could be sup-
posed to take place along the great circle of the ecliptic. This
allowed the correction of the clements to depend on but two
quantities—the obliquity of the ecliptic and the Sun’s true
longitude. Assuming the obliquity to be known, the longi-
tude of the Sun could always be determined from an observa-
tion of its Right Ascension. An observed Right Ascension
being compared with a tabular one, the residual gives rise to
an equation of condition between the correction of the long-
itude, A, of the obliquity, ¢ and of the Right Ascension of the
Sun, a:

da = cos ¢ sBec® ddA — } tan ¢ sin 2ads,

This equation may be used to express the error of the longi-
tude in terms of the error of the obliquity and of the Right
Ascension as follows:

01 = sec ¢ cos? da + § tan & sin 2Ade
= sec¢ £ ¢os? d0a + 0.21 sin 2Ade

The elements mainly to be determined from the observations
in Right Ascension being the eccentricity and peril:elion of
the Earth’s orbit, each of the coefficients of which go through
a period in a year, the effect of the small term — 0.21 Je¢ sin 21
whose coefficient does not smount to 0,10 after 1800, and has
a period of half a year, will be practically without influence

10
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on the result. The system was therefore adopted of deriving
the residual in longitude directly from the residual in Right
Ascension by the formula

6A = Féa
where
I = cos? 6 sec e

The residual 62 in true longitude is then to be expressed in
terms of the residual 61’/ in mean longitude and of corrections
to the eccentricity and to the longitude of the perigee relative
to the Stars. In this expression the coefficicnt of the residnal
in mean longitude was always taken as unity, the value of the
correction being so small in the case of LEVERRIER'S tables
that no appreciable error would result from this supposition.
Thus each residual in Right Ascension wounld give rise to an
equation of condition of the form—

6l 4+ Pe''6n'" 4+ Ede'’ = 6L = Fda

We are here to regard U and 6=’/ as corrections to the
Right Ascensions relative to the clock stars, and not to the
Sun’s longitude or perigee simply. I shall therefore use the
symbol ¢ instead of 61’ to express the relative correction here-
after.

Treatment of the Declinations.

10. The declination of the Sun in vhe case supposed is a
function only of the longitude and ooliquity. The equation
for expressing the observed correction in Declination in terms
ot the corrections to these two quantities is

406 = 8in ad¢e + €08 « sin &6A

Thus each observatioun of the Sun’s Declination gives rise to
an equation of condition of this form.

It is however to be supposed that the observations in Decli-
nation made at each observatory will be affected by a constant
error, If the observations are truly reduced to the standard
system of star places, this error will be that of the standard
system. As a matter of fact, however, observations made in
. the daytime, especially on the Sun and at noon, are made
under circumstances so ditferent from night observations on
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stars that we can not assume the error of the reduced deelina-
tion to be necessarily the same as that of the star system.
We must, therefore, in each case, regard the constant error in
declination as something peeuliar to the observatory and the
instrument, which may or may uot be worthy of sabsequent
discussion. Thus each residual in declination gives rise to
an equation of condition,

A6, + cos « sin &6X 4 sin wde = I8

46 being the excess of observed over tabular declination,
and 46, the commou error of all the measured deelinations of
any one series.

Formation of the equations from Right Ascensions.

11. The method of treating the observed Right Ascensions
of the Sun was suggested by the fact that they are peculia.y
liable to systematic and personal errors; the former likely to
change with the seasons, and to be different for different in-
struments; and the latter to continue through the work of one
observer. It is now well understood that the observed Right
Ascensions of the mean of the Sun’s two limbs relative to the
fixed stars are affected by personal errors, no means of elimi-
nating which have yet been tried. In a series of observations
made by a single observ'er, under uniform conditions, this error
would systematically affect only the relative mean of the Right
Aseensions of the Sun and Stars, leaving the eccentricity and
perigee derived from the observations substantially correct.

On taking up the work it was also supposed that, owing to
the different eftect of the Sun’s rays upon the instrument at

_different seasons, and the different circumstauces under which
observations were made, the Right Ascensions of the Sun
wonld beraftected by errors varying in a regular way through
the year, but not wholly expressible as a term of single annual
period. It was therefore deemed bLest to cousider the observa-
tions possibly affeeted by an error of double period, having the
form

x' eos 29 4 ¥’ sin 2¢

5690 N ALM—2
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The introduction of the coefficients «’ and ¥y’ added two more
terms to the equations of condition, which terms, however, did
not express any astronomical fact, but only the possible errors
of the observatious.

An additional and very important element to be determined
from the observed Right Ascensions was the mass of Venus.
The question now arose whether, by a uniform series of cbser-
vations, extending through some definite period, the correc-
tions to the eccentricity and perigee and the coefficients 2’ and
9’ could b completely separated from the coefficients of the
correction to the mass of Venus, Examination showed that
from such a series of observations, extending through eight
years, the mass of Venus could be determined irrespective of
all systematic errors repvating themselves with the season,
provided that the observations were equally distributed
throughout the year, or even that an equal number were made
at the same time through successive years. As neither of
these conditions are practically fulfilled it was judged best to
assume in the beginning that the systematic errors of an un-
known kind repeated themselves at each season during an
eight-year period, and that they could be expressed in the
form

¢+ x cos g+ ysin g 4 x' cos 29 4- ¥y sin 2¢

« and y would appear as errors of eccentricity and perigee
which could not be eliminated.

The quantities actually introduced as the unknown ones of
the equations of condition were as follows:

M, the factor of correction of the mass of Venus;
z, one-fifth the correction to the eccentricity;
¥y, one-fifth the correction ¢'’'67'';

x',y', one-tenth the coefficients expressing the supposed
error of double period arising from all canses whatever;

¢, the constant correction to the Right Ascension of the
Sun relative to the Stars.

The coefficient of ¢ was supposed unity thronghout. The
reduction of the residual in Right Ascension to that in Longi-
tude and the other factors were taken from a table like the
following, of which the argument was the day of the year.
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Separate tables were constructed for 1802 and 1850, but they
were so nearly identical that no distinction need be made
between them. Furthermore, the error introduced by sup-
posing the mean anomaly to have the same value on the same
day of every yeuar is entirely unimportant.

Table of coefficients for expressing errors of the Sun’s Rught
Ascension in terms of errors of the elements of the Earth’s
orbit,

Coefhicients of—
da d/
al du
x=0.2d¢ | y=0.2¢0r x’ ¥
Jan. I..._. 1. 09 0. 91 4 o.1 —r10.0| 4 0.1 -+10.0
 § S 1.07 0.93 1.8 9.8 3.5 9.4
2I.... 1. 04 0.96 3.4 9.4 6.5 7.6
3. 1.01 0.98 5.0 8.7 8.7 5.0
Feb. 10_._. 0.98 1.01 3. 4 7.7 9.8 +4+ 8
20._.. 0.96 1. 04 - 7.6 — 6.5 +9.9|] — 1.6
Mar. 2_... 0.94 1.06 8.6 5.1 8.7 4.9
12.._. 0. 92 1.08 9.4 3.5 6.6 7.5
22___. 0.92 I.08 9.8 1.9 3.7 9.3
Apr. 1.___. 0.93 1.07 10.0 —o0.1]| 4 0.3 10, 0
... 0.94 1.0§ + 9.9 + .6 — 3.1 — 0.5
21.... 0. 96 1.03 9.5 3.2 6.1 7.9
May 1.._. 0.99 1.0l 8.8 4.8 8.4 5.4
... 1,02 0.98 7.8 6. 2 9.7 — 2.2
20, 1.0§ 0. 95 6.6 7.5 9.9 1.2
3. 1.07 093! + 53| +85| —89| —as5
June 10___. 1.09 0. 91 3.7 9.3 6.9 7.2
20.... 1.10 0.91 2.1 9.8 4.1 9.1
30._-. 1.09 0.91 + 0.4 10,0 | +— 0.7 10.0
July 10o.... 1.08 0.93 — 1.3 9.9 + 2.7 9.6
20.... 1,05 0.95 — 3.0 4 a.5] 4+ 5.8 — 8.2
30.... 1.03 0.97 4.6 8.9 8 2 5.7
Aug. o.__. 1.00 1.00 6.1 8.0 9.6 -+ 2.9
19.... 0.97 1.03 7.3 6.8 10.0 — 0.8
29.... 0.95 1.0§ 8.4 5.4 9.1 4.1
Sept. 8._.. 0.93 1.07 — 9.2 + 39| + 7.2 — 6.9
18 .. 0.92 1.08 9.7 2.3 4.5 8.9
28 .. 0.92 1.08 10.0 + 06| 4 1.2 9.9
Oct. 8.... 0.93 1.07 9.9 —Li| —22 9.7
18.._. 0. 95 1.0§ 9.6 2.8 5.4 8.4
28.... 0. 97 1.02 — 9.0 — 4.4 — 7.9 — 6.1
Nov. 7.... 1.00 0.99 8.1 5.9 9.5 — 3.1
17.--. 1.03 0. 96 7.0 7.2 10,0 + 0.3
_ 27.... 1.06 0.94 5.6 8.3 9.3 37
Dec. 7.._. 1.08 0.92 4.1 9.1 7.5 6.6
17.... 1.09 0. 91 - 2.5 — a7 — 4 8.
27.... 1.09 0. 91 — 0.8 —I10.0 | — l.g i 9.;
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Finally, throughout the work the equations of condition
were expressed only in entire numbers, the decimals being
neglected. To lessen the number of equations of condition,
the residuals were divided into groups generally covering from
" ten to fifteen days, the length of the group being determined
by the condition that the perturbafions of Venus must not
change much during the period.

While the formation and solution of the equations of condi-
tion on this system were going on, it was found that the intro-
duction of the assumed coefticients #’ and y’ was a refinement
productive of little or no good result. In fact, the observa-
tions of the Sun proved to be much freer from annual sources
of error than I had supposed, as will be seen by the tables of
their results soon to be given. This is shown by the general
consistency of the corrections to the cccentrieity and perigee
given by the work at the same or different observatories dur-
ing difterent periods.

In marked eontrast to this is the discordance among values
of the correction ¢ to the relative Right Ascensions of the Sun
and Stars. This quantity it is that is affeeted by personal
error and possibly by the eftect of the Sun on the instrument.
Under a perfect system of discussion it would be advisable to
determine it separately for each observer. This however was
practically impossible.

Solution of the ccjuhtions.

12, For the purposes of forming and solving the normal
equations, the equations of condition were divided into groups
of generally from four to eight years, the exact lengths of
which will be seen from the following exhibit of results. The
equations for each period were solved on the supposition that
the corrections were constant during the period. Thus cvery
separate result is independent of every-other, except so far as
they may depend on the same instrnment or the same observer
at different times.

The first column shows the years through which the obser-
vations extend.

The second one shows to the nearest year the value of T—
that is, the fraction of the century after 1850,
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The third column shows the value of u/, or that factor which,
being multiplied by the adopted mass of Venus, is to be applied
as a correction to that mass, to obtain the value given by the
observations.

All systematic errors arising from the instrument and the
observer are so completely eliminated from the separate dec-
terminations of yx’ that they may be regarded as absolutely
independent of each other, that is—as not affected by any
common systematic error. )

We have next the relative weight assigned to each value
of u', which is determined in the usual way from the solu-
tion, and is, therefore, on a difterent scale for different ob-
servatories.

Next is given the value of ¢, or the apparent correction to
the Right Ascension of the Sun, relative to the assumed Right
Ascensions of the Stars, as given by observations during the
several periods and expressed in seconds of are, followed by
the weights assigned to the separate resnlts.

The next two columns, the corrections to the solar.eccen-
tricity and to the longitude of the perigee, require no further
explanation.

Respecting the weights ultimately assigned to these quanti-
ties, and to ¢, it is to be remarked that they are the resunlt of

-judgment more than of computation. It is only possible to
enumerate in a general way with some examples the consider-
ations on which they are based.

In assigning the weight of ¢ the number of observers en-
gaged is an important factor in determining it, Other factors
are the steadiness of the atmosphere and the adaptation of the
instrument to this particular work. General consisteney is
an important factor in the assignment. In this respect the
Cambridge observations are quite remarkable ; if their excel-
lence corresponds to their consistency they must be the best
ones made. .

It will be seen that Prazzrs results are thrown out en-
tirely. The wide range of his values of ¢ led to the inquiry
whether more consistent results would be obtained by taking
shorter periods, but it was found that the values of ¢ varied
from time to time in such an irregular way that his instrument
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must have been aftfected by some extraordinary cause of error,
unless some mistake has been made in interpreting or treating
the observations,

The Oxford values of ¢ are unusually diseordant., The pre-
sumption that this discordance arises mainly trom the special
personal equation in observations of the Sun, described on
page 17, derives additional woight from the greater relative
consistency of the values of d¢/’ and ¢/’0n'/. I have therefore
allowed the values of these quantities to receive a fair weight,

The value of ¢ for Paris, 1866-’70, has received a much re-
duced weight, solely on account of its excessive value. It
seems that the work of one observer who made many observa-
tions during this period was atfected by an unusual systcm-
atic error.

Results of observutions of the Suw’s Right Ascension,

GREENWICH.
Years. T 14 w ¢ W de?’ | 0/ | w
1" Y | 7
1750-'62 | —. 94 | —. 027 20| 40.33| L.§ | 40.04 —0.42 2
1765="71 | —.82 | —. 041 10| 40.37| 0.5 —0.08 | —0.64 1
177278 | —. 75 | —. 022 10| +407%74| 05| —0.16 | —o0.49 1
1779-'85 | —. 68 | —. 035 5| +42.8| 02| -—018| --0.73 0.5
1786-"92 | — .61 | —. 037 8| 41.51} 0.2 —o0.12 | —o0.88 o
1793-'97 | —.55 | —. 114 5| +1.87]| 02| —0.22 | —1.27 o
1798-'02 | —.50 | 4. 060 5| +41.02| 0.2 —0.42 | —1.15 o
,1803-706 | —. 45 | —. 002 5| 40.27| 0.2 —0.03 | —1.03 o
1807-'10 | —. 41 | —. 068 5| —0.34"| 0.2 | —0.32 | —I.12 o]
1811’14 | —. 37 | —. 095 3| —333| 02| +4o0.17 | —1 08 o]
181518 | —. 33 | —.052 6| —1.99| o5 —o0.12 | —0.34 o
1819-"22 | —. 29 | 4-.01l0 6 | —o. 51 1 +o0.22 | —o. 19 1
1823-'26 | —. 25 | —. 054 6| —1.08| 1 +o0.05 | —o0. 17 1
1827-"30 | -—. 21 | —., 04} 6| —~0.42| 1 --0.09 | —o0.75 1
1831-°34 | —. 17 | +.016 71 40.76 | 1 +o0.04 | —o0. 27 1
1835-'38 | —. 13 | 4. 020 8| +1.16] 1 ~+o0. 26 | 4-0.06 2
1839-"42 | —. 09 | +..061 8| +40.8 ] 1 -+4o0.52 | J-0.10 2
1843-46 | —. 05 | —. 008 8| 4o15| 2 -o. 25 | -$-0. 22 2
1847-'501 —.0I | —. 04§ 8} ~o0.10] 2 ~-0. 28 | 40,02 3
1851-'54 | 4-.03 | 4. 024 8] +0.40| 3 <+o0.22 | 40.02 3
1855-'58 | 4-.07 | —. 032, 9} 4+0.3 | 3 +4o0.15 | +o.02 3
1859-"62 | +4-. 11 | —, 043 9| —o0.02| 3 +o0.25 | 4o0.22 4
1863-'66 | 4-.15 | —. 016 8| +40.31| 3 +o0.23 | —o. 08 4
186770 | +.19 | 4. 031 81 +40.351 3 +40.33 | —o. 10 4
1871-"74 | +.23 | +.021 8! 4o.12]| 3 +o0.24 | 40.05 4
1875-"78 | 4. 27 | —. 008 8| —o0.12] 3 -0.26 | 4-0.06 4
1879-'82 | 4. 31 | 4. 017 8| —o.05| 3 +o0.21 | 40. 14 4
1883-'88 | +4-.36 | +4-. 001 13| —0.20 | 3 +40.18 | +40.07 4
188g~"92 | 4. 41 | —, 02§ 8] ~0.44]| 2 +40.24 | 4o0.11 3
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Results of observations of the Suw’s Right Ascension—Continued.

PARIS.
l [
Years. T u W | & ) de?! ellinis 7t
' i - o
1801-'07 | —. 46 | —.02§5 14 —1'.'78 0.5 foilos --o'.'z_; 1
1808-'15 | —. 38 | . 015 17 | —0.65 | 0.5 | —o.o1 | -fo.12 1
1816-'22 | —. 31 | —.050 14 | 4+0.18| o.5 [ —0.13 | +o0.32 1
1823-'29 | —.24 | —. 050 10| +o0.01 | 0.5 | —0.31 | —0.02 1
1837-'44 | —.09 | —.034 19 | +0.33| 1 —0.04 | +4o.10 1.§
1845-'52 | .01 | 4. 009 15 | +o0.10 | 1 +o0.04 | H4o0.10 1.5
1853-'59 | +.06 | {-.014 15 | +0.66 | 1 —o0.04 | +o.32 2
1860-65 | }-. 13 | +.003 10| 4+0.38 | 1 ~+o0.07 | +o0.26 2
1866-"70 | }-. 18 . 000 71 +2.29| 0.3 | +0.13| +o.40 2
1871-"79 | 4. 25 | +.048 11| —o.26 | 1 —0,006 | -}-0. 22 2
1580-'89 | +.35 | +.002 14 | +0.44 | 1 +0.24 | +0.03 2
PALERMO.
i " i H
1791-96 | —. 56 | —. 079 o| —0.07 | O —~-0.00 | —o. 85 o
1797-'01 | —. 51 | —. 116 o} —2.33({ © —0.29 | —o. 28 0
1802-'0§ | —. 46 | —. o0l of—3 11| o —0.0§ | —0, 76 o
1806-"12 | —. 41 | +.243 of +5.92| o —1.17 i +41.55% o
CAMBRIDGE,
r i’ ' H ;
1828-'34 | —.21 | +.007 16 | —0, 13 | 2 +o0.08 | 4o0.12 4
1835-'40 | —. 12 | —.033 14 | —0.18 | 2 +o0.06 | —o0.06 4
1832-'47 | —.05 | —. 026 9 | —o. 21 2 +0.08 | —o. 12 4
1850-'58 | -}-.04 | —. 024 20 | —o.11 | 2 +o.17 | —o.04 4
' i
WASHINGTON.
1846-'52 | —.01 | —.038 | 5 —of/85 2 +oflzo 0. 00 3
1861-'65 | .13 | —. 038 8| ~0.53| 4 ~+o o1 0. 00 5
1866-"73 | -+. 20 | —. 004 13| —0.22 | 4 -+0.18 | -—0.03 6
1874-'81 | .28 | —.033 12 | —0.45 | 4 +0.07 | —o0.16 5
1882-"91 | 4-.37 | —. 002 17 | —0.79 | 4 -+to.07 | —o.07 5
] i
KONIGSBERG.

1816-'23 | —. 30 | 4-.002 13 +of'3o 1 +o'.'o7 —0. 28 3
1824-'30 | —.23 | —. 006 12 | +0.02 | 1 —0. 16 | 4o0.11 3
1831-"38 | —. 15 | —. 021 15 | 40.23 ! 1 —o.12 | -}-0.03 3
1839-"45 | —.08 | —. 021 12 1 ~+o0.08 3

+o0.77

-+o0. 20
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Results of observations of the Sun's Right Ascension— Continued.

OXFORD.

Years. T 74 w ¢ w de’’ | eon/ | w

.05 | —.043 12 +2f,49 +ol.lz4 -=0.17

1840~'49 | — 0.3 2

1860-'68 | .14 | +.042 13| +1.96| 0.3 4+0.08 | —o0.13 2

1869-'76 | .23 | +.054 15| +0.92 | 0.3 | 40.20| —0.04 2

1880-'87 | 4+.34 | —.o14 9{—0.31 | 0.3 -o0.27 | 4o0.64 2
PULKOWA,

1842-"50 | —.04 | 4. 047 | 4 1. 20 1 —o.12 +o’.'2o 3
1861-"70 | .16 | 4. 002 10| —o0.40 | 1 -4+o0.05 | -+o.28 3
DORPAT.

1823-'30 | --.23 | .021 9 +o'.'36 1 —o0.12 | —0.22 2
1831-'38 | —. 15 | +. 008 6 | +o0.45 1 +o0.02 | 4o0.03 2
CAPE OF GOOD HOPE.

1884-’90' +.37 I —. 026 12 -of'36 3 ' +ofloz +of'm 4
STRASSBURG.

1883-'88 l +.36 ‘ —.o0l4 12 —xf'65 2 I +of'23 +oi’og l 3

The mass of Venus.

13. The mean results for the mass of Venus given by the
work at the several observatories are shown as follows:

The probable error, where given at all, is that derived from
the discordance of the separate individual results at the par--
ticular observatory. In some cases there are only one or two
results; here no probable error could be assigned.

w0’ is the sum of the weights of the result at each separate
observatory, as given by the equations of condition. Were
all the observations of equal aceuracy, these would be the
weights to be assigned to the separate results, Such not be-
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ing the case, we choose for the actual weights certain numbers,
founded partly on a compromise between the mean errors fol-
lowing each result or upon the values of ', partly on a judg-
ment of the accuracy of the observations.

Falues of u' for the mass of I'enus,

T4 W/ | w
Greenwich ____.._._...____. -, 01§4-.006 | 226 11
Paris oo ceaaaaeas —.0074-.000 | 146 5
Konigsberg . .. .. ___.._ —.0124-.010 52 3
Cambridge ... ... __. —. 0184, 009 59 6
Dorpat. oo o oeceenas +.016 15 1
Pulkowa «voccnn caeeacaae -+-.02§ 21 1
Oxford ... ... +.0144-.023 49 1
Washington. .. ___....... ~—.0181].009 55 4
Cape ... —. 026 12 1
Strassburg ..« coemeeaoo. -.014 12 1

Using the weights in the last cblumn, we have for the mean
result

u= — 0118 + .0034.

The mean error 4 .0034 is that given by the discordance of
the separate results of the preceding table.

Corrections of relative Right Ascensions.

14, The true values of the remaining quantities ¢, de’/, and
e'’'dn’'' are to be regarded as increasing uniformly with the
time and therefore of the form

z 4 Ty.

Here T is the time, and in the treatment of these particular
equations it is counted from 1830 in units of one century, so
that x is the value of the correction at this mean epoch.

The quantity designated by ¢ is the same which, elsewhere
in this discussion, is represented by 6! 4 a, so that

c=0l'" +

I shall, however, for convenience, continue to use the designa-
tion ¢, or 4T y.
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As the observations at (ireenwich and Pnris extend over
longer periods than at any other observatories, I shall first
solve them separately. The totality of the (ireenwich obser-
vations give for ¢ the following normal equations and solution:

1ok 4+ LO5y = + 4723

LG5 4 424 = — 1795
£= <4 011
y=-— 01,34

Those ut Paris give the equations and solution
83+ 004y =4 1"22
0.04 4 0.48 = 4 0,77
2= 4 0".14
y= 4 159

1f we combine all the other results into a single set of normal
equations, we have

4022 4 426y = — 10".84

426 4220 =~ 398
r=—0"10
y = -— 1”.62

It will be seen that the results for y, the sccular motion, are
markedly discordant., Indeced, if we refer to the exhibit of
results, p. 23, we shall see that the values of ¢ are much more
discordant than those of the other two quantities. To obtain
a definite value, founded on all the observations of the Sun’s
Right Ascension, I do not see that any better result can be
obtained than that found from a general solntion of the com-
bined normal equations. The «juations and their solution are
as follows:

919+ 595y = — 5,39

5.95 4 6,92 = — 4//.46
&L= — 0,02
y=—0".63

or
ol' +a=—0"02 =0".63T
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Corrections to the solar eccentricity and perigee.

15. I have ulready mentioned the remunrknble consistency
of tho correctlons to these elements given by the results nt
different observatories nnd at difterent epochs, The eccen-
tricity is more consistent thun the perigee. One eanse for
this, the eonsideration of which will throw some light on the
relative merits of the observations, is that the ervor of Right
Ascension depending on the Declination of the object observed
effects the eccentricity lexs than the perigee. Lt is well known,
tfrom a comparison of the results, that the systemutic difter-
ences in the Right Ascensions of different stur cutalognes
vary somewhat with the Declination. Now, since the Sun’s
Declination goes throngh an annual period, it tollows that this
error will produee a systematic effect on both the eecentricity
and the perigee. But the effect will be much larger in the
case of the latter clement than in the case of the tormer,
becanse of the nearness of the perigee to the winter solstice,
the difference being only some 10° or 129, Consequently the
extreme coetlicients in the correction to the eccentricity have
nearly the samne valnes, with opposite signg, for the same Decli-
nations in different seasons of the year. But it is different
with the perigee. The eoeflicient of this quantity is negative
from October until Mareh, when the Sun is in south Declina-
tion, attaining its maximum value about January 1; while it
is positive during the remaining months when the Sun’s Decli-
nation is north, attaining its maximum value about July 1.
A systematie difference in the errors of Right Aseension will
therefore produce its full effect on the longitude of the perigee,
while its effect on the eceentricity will be but slight.

In this connection, the very large negative values of the ecor-
rection to the perigee during the period when the old Green-
wich transit instrument was in use are (uite remarkable.
The progressive change in the value of ¢ is also remarkable in
this connection. It is to be remarked that the new transit was
mounted in 1816, but account was not taken of this fact in
gronping the equations. Henee it is only from the year 1819
that the results of the table are derived wholly from observa-
tions with the new instrument. The anomaly alluded to is
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then seen to disappear. The faet that the abnormally large
-corrections in ¢ are positive before 1800 and negative after it,
while ¢/’dn’ is abnormally negative through the doubtful
period 1765-1815, eomplicates the theory of these errors. I
have not been able to consider them in detail, but have simply
rejected the results for de¢’’ and ¢/’ dn'' froin 1786 to 1818, hav-
ing given them a gradually diminishing weight from BRAD-
LEY’S observations to the first epoch.

As in the case of ¢, I have made a solution for Greenwich
alone, Paris alone, the other observatories combined, and all
.combined. The results are shown as follows:

1. From Greenwich observations:

60" ellanll
54.5x 4 2.73y = + 11.14; — 0/.88
203 4+ 572 = 4 1/.82; 4 21,69

x=+ 07.19; —0".04
y=+4 07.22; 4049

2. From Paris observations:
se' ¢
17.0x 4 0.39y = + 0/.30; 4 2,95
0.39 4+ 0.99 = 4 0".29; 4 0//.33
r=40"01; 4 0".17
y=+0"29; 4 0727

3. The equations and results from all the other modern
-observations are—

de'’ e'dn'

M0+ 499y = + 5.58; 4+ 0".35
499 4 3.68 = +41".09; + 0'.40
r=+4+0"06; 0'.00
y=+40".22; 4+ 07.05
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4. Finally, if we combine all the equations, we have—

de"’ e'ér’’
148.5r + 811y = 4 17.02; 4 2//,42
8.1 41039 =+ 37.20; 43".42
r=+ 07.10; 07.00
y=+ 07.23; 4+ 533

In the ease of the eccentricity the general accordance is
quite satisfactory, and for the perigee it is much better than
in the ease ¢, the relative Right Ascension,

Results of observed declinations of the Sun,

16. The Sun’s absolute longitude can be found only from
observations of his declination, becanse this longitude is
1referred to the equinox, which is defined only by the Sun’s
crossing of the equator,

The corrections to the eccentricity and perigee, as just found,
are so shght that they may be neglected in determining the
correction of the absolute longitude f.cm that of the declina-
tion. Thus, as already stated, the unkrown quantities of the
equations given by the declinations are the corrections of the
mean longitude I, and of the obliquity ¢ and a constant 46,
peculiar to each observatory, of which we take no further
account. The equation of condition given by each observa-
tion or group of observations is

40+ Asin ¢0l” 4+ Bie = d¢

where dd is the excess of the observed over the tabular decli-
nation, and

do
A= cosecem—\ =coS a

de _ .
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The equations are grouped and solved for periods, as in the
case of the Right Ascensions, with the results shown in the

following table:

Results of ~bservations of the Sun’s Declination.

GREENWICH.
Years. T ar’ w de W 44 d’¢ w
144 144 144 7/
1753~'57 | — 95 | +-o0.78 1]|-—0.341 1 —2.43 | —0.3¢4 | 1
1758-'62 | —, go | 4-1. 50 1| —1.81| 1 —1.94 | —1.81 1
1765-'70 | —.82 | —o. 23 | G 0.95| o.5 | 40.20 | —o0.95 0.5
177178 | —. 75 | +0.48 1| —0.93]| 05 +I1.25]|—0.93| O©O.5
1779-'85 | —. 68 | +1.23 1| —10og| o5! —0.99 | —r1.09 0.5
1786-"91 | —. 61 | H0.48 1|—o0.50( 0.3] 40.15 | —o0. 50 0.3
1792-'g7 | —. 55 | 41.12 1| —o0.70| 0.2 —0.35 | —0.70 0.2
1798-'03 | —. 49 | +0. 41 1| —~1.02| 0.1| —0.10 | —1,02 o.1
1804-"10 | —. 43 | 4+c.18 1| —1.41} o 1| —0.84 | —I1.41 0.1
1812-'16 | —. 36 | —o. 1§ 3] -—-0.531 3 +0.48 | —o0.53 3
1817-'22 | —, 30 | —o0. 41 3| +0.03 3 -}-0.40 | +0.03 3
1823-'28 | —. 24 | +0.43 3;—o.10| 3 +o0.08 | —o. 10 k3
1829-'34 | —. 18 | —o0, 08 3| 4oz21| 3 -}-0.25 | 0. 21 3
1835-'40{ —. 12 | —o0. 12 3| —o0.20| 3 +0.37 | —o.13 3
184146 | —. 6 | 4o0. 21 3| 4013 3 -}+0.47 | 4o0.12 4
1847-'52 o | +o. 25 4 0.00 | 4 —0.24 | —0.15 4
1853-'58 | +. 6 | 4o0.55 51 +40.:8] 5§ —o0, 26 | —o0. 5 5
1859~'64 | -+. 12 | -4-0.03 5| +40.28] 5 —o0.46 | }-0.12 5
1865-'70 | +. 18 | —o0.23 5| —o0.15| § -}-0.08 | —o0. 36 5
1871-"76 | .24 | —0. 1§ 5] +0.26 | 5 -0.16 | —0.16 5
1877-'82 [ 4. 30 | —o0. 90 5| +0.22( 5 +0.34 | +o0.08 5
1883-'88 | +. 36 | —o. 27 51 40.33] 5§ —o0.14 | 40.02 5
1889-'92 | 4-.41 | —o0.0§ 34019 3 +o0.13 | —o.07 3
PARIS.

1800-'03 | —. 48 | 4-0.01 1| —1.93 1 —0.45 [ecveemafenaean
1804-'07 | —. 44 | }0.7 1| 40.82| 1 —2,02 |.eecnienioma
1808-"10 | —. 41 | -}-2.66 1| 41.60} 1 —0.98 Jocme e
181115 | —. 37 | —0.92 1| —1.26} 1 —1 I8 | ii]eeeaas
1816-'21 | —. 31 | }o0.§8 1| 41.68} 1 —1,42 |t e vaan
1822-'28 | —. 25 | 41.09 3| 4039 3 —O0.0I |ocen woiocann
1837-'42| —. 10 | 40.79 3| —o.15] 3 +0.40 foceo ool
184348 | —. 4 | +0.43 3({—0.03] 3 40.19 Juoaco i faoaaae
1849-'s4 | +. 2 | +1.19 ‘2| —0.01! 2 +1.34 [cmocecefeceaae
1855-'60 | -{-. 8 [ +-0. 35 3| —0.02| 3 +r22 | eeaaa
1861-°66 | +.14 | 1. 35 3 0.00| 3 +4o.12 [ |eaa.- -
1867-"72 | +.20 | 4o0. 31 2] —2.67] 2 40.10 [ feacaaa
1873-'77 | +.25 | —o. 59 2| +4o0.04] 2 G100 |
1878-'83 | 4-.31 | —o0.09 2| —o0.32] 2 +40.88 | ecea]aaaaa.
1884-'89 | +.37 | —o. 80 2| -40.32] 2 40,78 |t cen)emeneae
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Results of observations of the Sun’s Declination—Continued.

- PALERMO.
Years. T [Vidg ’ w de W 46 8¢ \\Y
: 144 144 /7 144
1791-’03 | —. 53 | —1.46 0] —0.95 [-c..._. +0.78 i —0. 95 0.4
1804~"13 | —. 41 « +1.70 ] O'—0.52 [._.._. +0.42 | —o0.§2 0. 4
CAMBRIDGE.
1835-'38 | —. 14 | —o. 21 2 | —0.33 |oamee. 4-0.59 | -—0. 54 l 1
1839’44 | —. 08 | 0. 33 2| —0.20 |___... +40.29 | —o0. 41 i 1
1847-'53 00 | 0. 21 2| 40,31 |.._._. —o0. 32| 4c. 10 1
1854-'58 | .06 | —o. 15 2| 40.34 |-u---. —0.42 | +4o0.13 1
WASHINGTON.,
1846-'49 | —.02 | —o0. 28 4| —0.73 .o __ —0.47 | —0.81' 2
166166 | 4-.14 | —o. 11 4] —0.43 |-moeno_ —0.45 | —o0.25 I 2
1867-"72 | 4.20 | 4o0.74 4| =0.39 [-o... +0.28 | —o. 51 2
1873-'78 | +.26 | -—0. 58 4| —0.32 |...__. +o0.10 | —0. 45 2
1879-"'84 | +.32 | —o. 31 4| —0.60 |._.___. —o0.35 | —o0.72 2
1885-'91 | +.38 | —o0. 02 4| —0.08 |.co__. —0.20 | —0.18 | 2
KONIGSBERG.
|
1815 | —35 fem oo L —-1.07 0.5
1820-'23 | —, 28 | —o. 14 2| —0.22 |.._... —0.59 | —o0.47 1
1824-’27 | —. 24 | 40.65 2| 40.49 |.__._._ —o0, 60 | 40,24 I
1828-'31 1 —.20 | 41.08 2] +o.09 |...__. —0,64 | —0.16 1
1832-'34 1 —. 17 | —o0. 72 2| —0.15 |oeo.. —1.32 | —0.40 1
1837-'44 | —.09 | —o0. 66 2| —0.62 |._.... —2.24 | —0. 87 1
OXFORD.
1840-'45 | —.07 | 4o0.79 l 2| 40.42 |.__... 40.67 | 4-0. 22 0.2
1846-'51 | —. 01 | 0. 35 2| 4o0.40 e=-| +0.89 | 40.20 0.2
1861’66 | 4,14 | 0. 36 2| —o.81 i.._._. +0.10 | —1.01 0.2
1867-'72 | 4.20 | —o0. 16 2| —0.24 |.o.... +0.29 | —0. 44 o 2
1873-76 | +.25 | —c. 38 2| —0.33 |.oa... +0.29 | —o0 §3 0.2
1880-"83 | 4-.32 | —o0.43 2| 4012 {...__. —o0.17 | —o0 08 0.2
188487 | 4-.36 | —o. 24 2| 40.23|...._. —0.19 | 4-0.03 0.2
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" Results of observations of the Sun’s Declination—Continued.

PULKOWA,
Years. T ar/7 W i de A\ a6 d’¢ W
144 144 144 144
1842-'45 | —.06 | 4-o0. 82 2| —0.35 |acmun- —o0.01 | —0.3§ 1
1846-'49 | —. 02 | —o0. 10 2| —0.48 ... 4o0.07 | —0.48 1
1861-°65 | +.13 | —n. 53 2| —0.48 |oac... —0Q.30 | —0. 48 1
1866-"70 | .18 | 4o0. 27 2{—0.31 |._.... —o0.38 | —o0.31 I
DORPAT,

1823-"28 | —. 24 | 4-0.99 2| —1.26 |.._... -40.59 | —I.41 | 1
1829-'32 | —, 19 | 4+0.99 2 —0.76 |....__ +1.34 | —o.91 |
1833-'38 | —. 14 | 41.00 2| —0,63 |.cmn. +1.34 | —0.78 1

) 3

CAPE OF GOOD HOPE.

1884-'87 | +.36 | —o0. 51 4 ‘ +40.05 |.eo... +4o.11 | -—0.07 2
1888-'g0 | -}-. 39 | —o0. 84 4 l +0.09 |:_.__. 4-0.19 | —o0. 21 2
STRASBURG.

1884-'88 l +.36 | —o0.57 ‘ 4| —0.05 |.oen.. —0. %% l +o.12 2

LEIDEN, ‘
186/ 69 | +.17 | +0. 14 4| —0.01 |..___. +4o0.27 | —o0. 24 2
1870-'76 | +-.23 | —o0. 23 4 | —0.06 |.._... —0.04 | —o0, 29 2

Correction to the Suw’s absolute longitude

17. So far as mere instrumental measurement is concerned,
the correction d & should be determined with greater precision
than 61/ in the ratio 5:2, because the errors in declination
have to be divided by the factor sin & = 0.40, in order to form

al,

the values of 67 are more accordant than those of & ¢.
is what we should expect. The values of the former quantity
depend mainly upon the comparison of observations made

Allowing for this large increase in the source of error,
This-
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near the opposite equinoxes, when the sun has the same decli-
nation, and when the season is not greatly ditferent. Indeed,
if the season ehanged exactly with the sun’s declination, all
effects of annual change of temperature would be completely
eliminated from 461, as would also in any case any eonstant
error which is a function simply of the Sun’s Declination. It
is therefore to be expected that the actual probable error of
this quantity will eonferm more nearly to that determined from
the residnals than in the case of the other.

Tor these reasons the value of &1 does not give rise to
much discussion. The general result from all the observa-
tories is, for 1/, when developed in the form » + y T\

r= 4+ 0,03
y= — 0797,

Obliquity of the ecliptic.

18. The determination of the obliquity rests upon an essen-
tially difterent basis from that of the absolute longitude, in
that it depends upon actnal differenees of measured Declina-
tions, which differences are still further complicated by the
fact that they are necessarily made at opposite seasons. A
more detailed discussion of them is therefore necessary, and
some modification may have to be made in the separate results
as adopted. The following special circumstances affecting the
observations are to be taken into eonsideration:

The BRADLEY Greenwich results for 1753-'62, are derived
from a manusecript eommunicated by Dr. AUWERS, containing
the results of lis very careful reduction of BRADLEY'S ob-
served Declinations of the Sun, which were compared with
HANSEN's tables. The corrections were reduced to those of
LEVERRIER’S tables by being eomputed at intervals suffi-
ciently short to permit of the reduction being interpolated with
all necessary precision. No reduction was applied either on
aceount of the eonstant error of the Declinations determined
by Dr. AUWERS bimself, nor for reduction to the Boss system
of standard Declinations. Hence arises the large value of 46
given by these Declinations. Consequently the value of d ¢ is

65690 N ALM—3
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that giveu immediately by the instrument, on the system of
reduction adopted by Dr. AUWERS, in which 1 have supposed
that the Pulkowa refractions were used.

From 1765 to 181G the Greenwich observations were made

" with the imperfect quadrant, the Declinations of which are
subjeeted to an crror which is not constant. The neces-
sary corrections are derived by SAFFORD in Vol, 11 of the
Astronomical Papers. The corrections are those necessary to
redunce to Boss’s system, and they vary with the Deelination.
Hence the are on which the obliquity depends is not that
measured with the instrument itself, but that so corrected as
to reproduee as nearly as may be the standard Declinations.

IFrom 1812 onward the two mural eircles were used. Up to
1830 no correction except the eonstant one derived by SAF-
FORD was applied to the Declinations as measured with these
instruments. IHenee the arc of obliquity is that measured
with the instrument itselt without being corrected by the
standard stars. :

Atter 1830 the Declinations were corrected by the tables for
Greenwieh given in Boss’s paper. These corrections vary
somewhat with the Declination, and they are different also
for different periods. Hence we have lhere a period during
whieh the instrumental differenees ot Declination were cor-
rected to reduce them to the standard star-system.

If the standard system were subject to no further error than
a coustant one, common to all Declinations within the zodiac,
which common correction would be subject to a uniform change
with the time, this system would doubtless be the best one to
adopt in order to obtain the seeular variation in the obliquity
of the ecliptic. But, as a matter of fact, the standard Deeli-
nations are simply the mean results of Deelinations measured
with different instruments, It is, therefore, a question whether
we shall get any better results by applying reductions to a
standard system than we should get by simply taking the
mean of the instrumental resunlts, because the system is itself
-only a mean of such resnlts. It is true that the standard sys-
tem'depends on more instruments than the obliquity, though
not on better ones; but it is also to be considered that the
reductions in the case of the Sun may be different from those
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in the case of the stars, owing to the very different conditions
in which the observations are made.

Another troublesome point arises from the refraction used
in the reductions. The eftect of refraction is always to make
the measured obliquity less than the aetual one; the eorree-
tion to the obliquity on aceount of refraction is therefore a
positive quantity, which is a minimum for an observatory at
the equator and increase equally towards each pole. Some
values of the obliquity were derived from BESSEL'S refractions
of the Tabule Regiomontance, an:d others from the PPulkowa
tables. Since the secular variation of the obliquity is more
important than the absolute value of the quantity, it is essen-
tial that the standard to which all determinations of the ob-
liquity are reduced should be as nearly as possible the same,
and therefore that the same refraction should be used. Butin
reductions to standard star places we meet with the addi-
tional eomplication that the difterences in the constant of
refraction might be wholly or partially eliminated by the
reductions to a standard system. It would therefore be a dif-
ficult question how far we should modify the values of d¢ on
account of the use of different tables of refraction.

To avoid all these difficulties I have judged it best to make
the obliquity depend mainly upon absolute measures, the
reductions being made with the Pulkowa refractions.

Effeet of refraction on the obliquity.

19. The determination of the average or most probable effect
ou the obliquity produced by using the Pulkowa refractions,
instead of those of the Tadulw Regiomontanw, is easily deter-
mined. We divide the ecliptic into a number of equal arcs
throughout the year, and by equations of eondition express
differences of refraction in terms of differences of Declination,
and henee differences of obliquity, We thus find that at
ecertain latitudes where observations were made, and wlhere
BESSEL’S refractions were used in the rednction, the follow-
ing corrections are necessary to reduce the obliquity to the
ones given by the Pulkowa refractions:

Pulkowa; @ = 599.8; de = — 0,325
Greenwich; @ =05195; de = — 0".20
Washington; @ =380.9; de= — 0,125
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Hence I conclude that for

Dorpat; de=—0"2

Kinigsberg; de = — 026
Cambridge; de = — 0.21
Cape Town; de = — 0,12

The corrections to the obliquity thus derived, depending
mainly on direct instrumental measurement, and reduced to the
Pulkowa refractions, are designated as 6’¢.  The results for this
quantity are given in the last column of the several tables.

In the case of BRADLEY’S Greenwich results, I have taken
as d’e Dr. AUWERS'S results unchanged, assuming in the
absence of any specific statement that he has used the I’al-
towa refraction tables.

In the case of MASKYLENE’S observations, I have, by excep-
tion, nsed them as reduced to the standard star-system,
because we have no other results at these times, and the erior
of his instrument is so strouigly shown that it would not do to
use the results unchanged. It will be seen, however, that
small weights are assigned, and that the weights diminish
towards the end of the-series.

In the case of the Greenwich observations from 1812 to
abont 1834, no change has to be made, as the results are gen-
erally or always purely instrumental, and Pulkowa refractions
arc used in SAFFORD’S work.

From 1835 onward I have depended mainly on certain cor-
rected Greenwich reductions. First, for d’¢, I have used the
resualts given by Mr, CHRISTIE in his very valuable paper on
the Greenwich Declinations, in M. R. A. 8., Vol. xLv, where
the Declinations from 1836 to 1879 are reduced on a uniform
system. Later, I have adopted the corrected results given in
Appendix IIIL to the Greenwich observations for 1887. In
each case the result has been reduced to the Pulkowa refrac-
tions.

The Paris results rest on a different basis from the others,
in that the zero point of the instrument depends wholly upon
LEVERRIER'S Declinations of the stars, and I fear it was not
always accurately determined. Observations near the winter
solstice are mostly referred to one set of stars; those near the
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summer to another set, the error of which may be systemat-
ically different. Certain it is that the results during the early
years were very discordant. The weights as given in the table
are those assigned « priori, without sufticient reference to the
discordance of the older results. 1 have felt constrained to
evade a decision as to their treatment by entirely omitting
their results in the final discussion.

In the case of some other observatories it was difticult to
determine exactly what refractions had been used in cach
special case and what reductions should be made. I have, how-
ever, determined the corrections in the best way I was able.

A precise determination of the secular change in the ob-
liquity is of more importance for our present object than a
precise determination of its amount. Hence a series of obser-
vations extending through u long period of time, and made on
a-uniform system, has an advantage over a number of isolated
values, in that any constant error with which it may be
afiected will be eliminated from the secular variation. T’ossi-
ble constant difterences betwcen the determinations of the
varions observatories at different epochs will vitiate the sec-
ular variation, but the probable amount of this error may be
diminished by using a number of separate determinations,
such as are presented in the preeeding table. In the Green-
wich transit circle we have a very uniform series, extending
over a period of forty years, but giving resnlts systematically
difterent from other determinations. This series gives for the
correction to the cbliquity:

Transit Circle, 1847-'91:

8'e=—0"11 4 07,06 4 (021 + 0" 46)T . . . (a)

Here, in view of the uniformity of method and reduction,
we may regard the mean error of the centennial variation from
the discordanee alone as a fair approximation to the probable
mean error, It will be scen that I have here included four
years (1847-'50) of the Mural Circle results,

Continuing the Greenwich series backward, the question
arises whether we ean regard the results of the mural e¢ircle
from 1812 to 1850 as comparable with those of the transit circle,
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There is certainly nothing in the table to indicate any system-
atic differenee. Irom the combination of the two we have—

M. C. and T. O., 1812-50:
8'e = — 0/.08 £ 0,05 4 (+ 0,14 & 0//,23) T (1850) . . (D)

Here the mean error is naturally smaller than in the case of
tlie transit cirele alone, but is now more subject to possible
systematie difference between the two instruments.

If we now go back to BRADLEY, we meet with the very diffi-
cult question, whether we shonld regard his results as best
ecomparable with the modern Greenwich observations, or with
modern observations in general. If we assume that the differ-
ence between the Greenwich and other modern results is due
to any cause which has remained unchanged since BRADLEY,
we should reach one conclusion; otherwise, we should reach
the other. The result of eombining all Greenwicl observa-
tions, with the weights as assigned, is—

Sle=—0"1140750T . . . . . (o)

In this combination I have used the weak results of MASKE-
LYNE, with the small weights assigned, although they d :pend
wholly upon the standard declinations of stars. In view of
the discordance between BRADLEY’S two results, this seems
the only admissible eourse.

Next in the length of time which they include come the Paris
observations, of which the resunlts, with the.weights assigned,
are—

de =+ 0",01 —0"36T

I give this result in order that nothing may be omitted.
Undue weight has probably been assigned to the earlier
determinations; in any ease the method of deriving it from
the original observations is so objectionable that no further
nse is made of it. A satisfactory discussion of the observa-
tions would require a complete redetermination of the zero
points of the instrument from fundamental stars.
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If we omit the Greenwich, Paris, and Palermo resnlts, and
combine all the others into a single set ot equations of condi-
tion, we huve the equations and results:

3692 4+ 026y = — 14737
026 4138 =4 1701

r=—0"39
Y=+ 0.9

Hereo r is the value of d’¢ for 1860, and y its centennial varia-
tion. Transterring the epoch to 1830, ns usnal, the result is—

6/8 = - 0”045 + ('N-".,!’ T . . . . . ((l)

No reliable mean error can be compnted, owing to systematie
errors. In view of these, one mode of treatment would be to
form equations of condition in which a possible systematic
crror at each observatory would appear as one of the unknown
qnantities. By this process we should get the same result
for the secular variation as if we inade an independent determi-
nation from the work of each observatory. At most of the
observatories the period through which the observations are
made, with one instrnment and on an unchanged plan, is too
short to render such a conrse advisable,

As a last combination, we shall combine the earlier Green-
wich results, np to 1810, with Palermo and with all the modern
results except Paris, first dividing the weights of the Green-
wich results by 2. We then have the equations—

3080 — 1.82y = — 17,12
— 18 4347 =4 2799

= —0".40
y=40"63 . . . . .. . (8

Concluded results for the oblicity.,

20. The data on which these various results for the obliquity
rest show the following noteworthy featuves:

(1) That the correetion given by the modern Greenwich
instruments, mural and transit circles, is markedly greater
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than that given by other modern observations. This may be
most plausibly attributed to the atmosplieric conditions
within the observing room.

2) The minuteness of the change of the correction given
by these instruments during nearly eighty years. To this
circumstance is due the smallness of the eentennial variation,
0,00, found from the totality of the Greenwich observations.
A comparison of BRADLEY with the mean of the T. C. results
only would have given a change of 0,97 in 117 years, or a
centennial change of about 0/,80.

The long period, uniformity of plan, and systematic devia-
tion of the modern Greenwich observations lead me to eonsider
them as forming a series distinet from all others., We have
therefore the following two completely independent determi-
nations of the centennial variation:

(1) Modern Greenwich results: y = 4+ 0'/.14 -+ 0,23
(2) All other results + 0,65

To the latter no reliable mean error ean be assigned. To
judge its reliability we may compare it with the results (a), (),
and (d)—

Greenwich T. C., alone, + 07.21 4 0”46
Greenwich observations in general, + 0/.50
Miscellaneous modern observations, + 0/.59

We may, it would seem, fairly give double weight to the
result (2), thus obtaining, as the detinite result from observa-
tions of the Sun alone:

Correetion to LEVERRIER’S centennial variation of the obliq-
uity of the ecliptic (— 47/.694)

+ 0".48 4- 0,30

the mean error being an estimmate from the general discordance
of the data.
For the coustant part of the correetion I take—

&¢ (1850) = — 0,30
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Summary and comparison of results.

21, From what precedes we have the following as the valnes
of the unknown quantities, and of their seenlur varintions, ns
given by observations of the Sun alone.

Value for Cent,
1850, var.

Se' = 4 01,10 4 07,03 4 07.23 & 0,10
e(Or'da) = 07.00L 0707 4 0733 4 0,12
Sllda = — 0,02 — 07,63
Sl = 4 0105 4 0712 — 0,97 & 07,23
de=—0"304 015 4+ 048 -k 0,30
= —0"07 + 07,34

No estimate of the probable errors of these quantities would
be useful which did not take account of the systematic dif-
ferences between the results of different observatories, We
have therefore formed the mean outstanding residual correc-
tions given Ly the several observatories, as shown in the
tables which follow. Originally the scale of weights used for
the Greenwich observations did not correspond to that for the
other observatories; they were, therefore, divided by 2. As
used below, however, the change has been made in the ease
of 61" by multiplying all the weights of the other observatories
by 2, and, in the case of d¢, by dividing the Greenwich weights
by 2.

The correction to the obliquity depends solely on d’¢; but
the comparison has also been made with the values of de,
which, it will be remarked, differ from the others in that
acconnt is taken of the supposed variation of the systematic
correction with the declination. It is noteworthy that the
resnlts are somewhat more accordant when this correction is
omitted and purely instrumental errors are used for the
oblignity.

The mean errors given in the preceding summary of results
are derived from the discordances in question, and may be
regarded as substantially real. :

No use was made of the Paris results for 61/ and é¢ for
the reason that they depend on declinations referred to star
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places which may be atfected by ditferences in different Right
Ascensions, They are, however, retained in the table to show
the ~mounts of outstanding disecordance.

Outstanding mean residual corrections to guantitics depending
on the Sun’s Right Ascension.

de"’ ¢’ Sw
Greenwich + 07,09 - 0,03 54,5
Paris - 0,09 4 07717 17
Cambridge + 0,02 07,00 16
Washington — 07,05 - 0712 24
Konigsberg - 0,08 + 0,08 12
Oxford 4 0'.0¢ <4 07,02 8
Pulkowa - 0715 4 077,22 6
Dorpat — 010 —0".03 4
Cape -~ 0716 — 011 4
Strassburg - + 07,05 — 0,03 3

Mean errors for

weight unity ¢ = 4 034 4 0,39
Mean error of x 4 0/7.03 4- 0,03
Mean error of y 4- 07,10 + 0,12

Outstanding mean residual corrcctions to quantities depending
on the Sun’s Declination,

sl w - 8¢ w S'e

Greenwich —-0706 64 40731 296 40717
Paris +0'456 0 +4+0'31 O

Palermo — 07,39 0 —0"20 0.8 —0"20
Cambridge — 07,00 S8 <4035 4 + 07,14
Washington +07.07 24 —0722 12 — 0,29
Konigsberg —-0720 10 40731 5.5 07,00
Oxford +0/14 14 40719 14 -=0701
Pulkowa + 0712 8 —-0"13 4 — 013
Dorpat 4+ 0,76 6 —-0'49 3 - 0,64
Cape - 0,35 8§ 4010 4 — 07,02
Leiden + 0,10 8 40717 2 — 07,06
Strasshurg — 0,26 4 40708 4 + 0,25

¢ for woight unity £ 07,81 + 0,74 4 07.60



